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Annotated Content 

GCH implies for successor of singular no stationary S has uniformization 
[For A strong limit singular, for stationary S C we prove strong nega¬ 

tion of uniformization for some S'-ladder system and even weak versions of 
diamond. E.g. if A is singular strong limit 2'^ = A+, then there are yf < 6 
increasing in z < cf(A) with limit S such that for every / : A"*" —> a* < A 
for stationarily many S G S, for every i, /(y^j) = /( 72 i+i)-] 

Forcing for successor of singulars 

[Let A be strong limit singular k = A+ = 2'^, S' C stationarily not 

reflecting. We present the consistency of a forcing axiom saying e.g.: if hs 
is a function from As to 0, As C S = sup(A 5 ), otp(A 5 ) = cf(A), 9 < X then 
for some h : k ^ 9 for every 6 G S we have hs C* h.] 

K'^-c.c. and K“''-pic 

[In the forcing axioms we would like to allow forcing notions of cardinality 
> k; for this we use a suitable chain condition (allowed here and in 
[Sh 587[.] 

Existence of non-free Whitehead groups (and Ext(G, Z) = 0) abelian groups 
in successor of singulars 

[We use the information on the existence of weak version of the diamond 
for S C , A strong limit singular with 2^ = A"*", to prove that there are 
some abelian groups with special properties (from reasonable assumptions).] 
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§1 GCH IMPLIES FOR SUCCESSOR OF SINGULAR 
NO STATIONARY S HAS UNFORMIZATION 

We show that the improvement in [Sh 587] over [Sh 186] for inaccessible (every 
ladder on S rather than some) cannot be done for successor of singulars. This is 
continued in §4. 

1.1 Fact : Assume 

(а) A is strong limit singular with 2'^ = A+, let cf(A) = cr 

(б) S' C {(5 < A+ : cf((5) = a} is stationary. 

Then we can find {< : i < a >: S G S) such that 

(a) 'yf is increasing (in i) with limit 6 

{(3) if ^ < A and f : ^ ^ then the following set is stationary: 

{5 G S : /( 7 ^J = /(72i+i) for every i < a}. 

Moreover 

(/3)+ if /i : A+ ^ < A for i < cr then the following set is stationary: 

{5 G S : /*(72i) = MlL+i) for every i < a}. 

Proof. This will prove 1.2, too. We Hrst concentrate on (o?) + (/3) only. 

Let A = ^Ai,Ai increasingly continuous, A^+i > 2^% Aq > 2''". For a < A+, 

i<(7 

let a = [J aa,i such that \aa,i\ < Ai. Without loss of generality 6 G S ^ 6 

i<a 

divisible by A“ (ordinal exponentiation). For <5 G S let {f3f : i < a) he increasingly 
continuous with limit divisible by A and > 0. For S £ S let {bf : i < a) 
be such that: bf C /3f,\bf\ < Xi,bf is increasingly continuous and 5 6^ 

i<(7 

(e.g. bf = I J ags U Ai). We further demand /3f > A ^ Ai C 6^ n A. Let 

(/* : a < A'*") list the two-place functions with domain an ordinal < A’*' and range 
C A+. Let >5' = [J Sfi, with each stationary and (5”^ : yi < X) pairwise disjoint. 

/i<A 

We now fix ^ < A and will choose = (yf : i < cr) for 5 G such that clause (cr) 
holds and clause (/3) holds (for every / : A+ ^ /c), this clearly suffices. 

Now for S £ Sf^ and i < j < a we can choose (for e < Xj) (really here we use 
just £ = 0,1) such that: 

(A) : e < Xj) is a strictly increasing sequence of ordinals 

(B) /3f < < Pf+i, (can even demand < Pf + A) 

(C) Cf j^^ i : Ji <j,e< Aji (and h < 0, really only h = i matters)} 

{D) for every Q!i,cr 2 G 6^, the sequence (Min{Aj,/*^(cr 2 , Cj^y^) : e < Aj}) is 
constant i.e.: either 


s <Xj^ (a2,Cf.y£) ^ Dom(/*J 
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21 A /ai(«2,C-j,e) 

e<Xj 


/:,(« 2 ,cAo 


) 


or A /ai(«2,CA£) > Aj. 

e<\j 


We can add ^ < Aj) is constant or strictly increasing (or all 

undefined). 

Let G = {g : g a function from cr to 2*^ such that (Vi < a){i < g{i)}. 

For each function g e G we try ^ i < cr) i.e. {jif nliii) = 

Now we ask for each g € G: 

Question f!: Does ( 7 ®A ; J g S^) satisfy 

(V/ e e 5^)( A fhlf) = /(7|4i))?- 

i<e 

If for some g € G the answer is yes, we are done. Assume not, so for each g G G 
we have /g : A"*" ^ /x and a club Eg of A+ such that: 

6GS^nEg^{3i< a)(/g(7ff) ^ fghilU)) 


which means 


S € Sg, n Eg ^ (3i < 0')[/g(Ci^g(i)_o) ^ Zs (C, g (i) , 1 ) ] ’ 

Let G = {ge : e < 2*^}, so we can find a 2-place function /* from A'*' to /x satisfying 
f*{e,a) = fg^{a) when e: < 2 ‘^,q; < A+. Hence for each a < A+ there is "f[a\ < A+ 
such that f*\a = f*^. 

Let A* = Pi Egg n {(5 < A”*" : for every a < i5 we have ^[a] < i5}. Clearly it is a 

e< 2 ‘' 

club of A"*", hence we can find (5 G 5^ fl A*. Now < 5 hence 7[/i4i] < 5 
(as 5 G E*) but hence for some j < cF,"f[l3i+i] G 6^; as 6^ increases with 

i<a 

j we can define a function h : cr —> cr by h{i) = Min{j : j > i -|- 1 and /x < Xj and 
7[/?f+i] G 5|}. So h G G hence for some e(*) < 2® we have h = g£(*). Now looking 
at the choice of CA(i) o’ ^ih{i) i know (remember 2'^ < Aq < Ag) 

(V£ < 2-)(Va G 64.))(/:(e,CAw.o) = CAw.i))- 

In particular this holds for £ = e(*), a = 7[/?f+i], so we get 

/7[/3f^j(^(*)> C4(i).o) “ /7[/3 )^j(^(*)’CA b).l)' 

By the choice of /* and of 7[/3f+i] this means 
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/..(.,(Cf,M0,0) = /.e(.)(Ci 

but h = and the above equality means ( 72 *'*'’"^) = 4%.)and 
this holds for every i < a, and S G E* ^ S G Eg^^^^ so we get a contradiction to 
the choice of (/g^(.), £^£(*))- 
So we have finished proving (a) + {(3). 

How do we get {(3)^ of 1.1, too? 

The first difference is in phrasing the question, now it is, for g G G: 

Question^: Does ( 7 ®’*^ : S G S'^) satisfies: 


(v/o G ^Vo)(V/i G • (V/. G ■ • ■ ) e 54( /\ M^lf ) = /i( 7 f 4 i))- 

/ i<a 


If for some g the answer is yes, we are done, so assume not so we have /gy G (/ii) 
for g G G, i < (J and club Eg of A"*" such that 


SeS^nEg^{3z< a){fg4^lf) ^ fgAllf+i))- 

A second difference is the choice of /* as /*(cre + i,a) = fg^,i{a) for e < 2'^, 
i < a, a < . 

Lastly, the equations later change slightly. Di.i 

1.2 Fact : Under the assumptions of 1.1 letting A = (A^ : t < ct) be increasingly 
continuous with limit A we have 

(>i=)i we can find {< : ( < X >: 6 G S) such that 

(a) 'yf is increasing in i with limit <5 

(/?)+ if f, : \+ ^ Ai+i, for i < a, then the following set is stationary 
{5 G S' : /*(74 = /i(7|) when C,^ S [A*, A*+i)} 

(*)2 moreover if Fi : [A+J^'^ ^ for i < cr, then we can demand 

(*) {7c' : C e [A, A+i]} c : C < A}), 

11 ( 7 ' ■ C < C*) • 7 c* = 7 }l < A for each 7 < A+ and (*< a 

(*)3 moreover, if {Cs : 6 G S) is given, it guess clubs, Cs = {q;[( 5, i] : i < 
a}, a\5, i] divisible by A“ increasing in i with limit 5, (cf(a[(5, i + 1]) : i < cr) 
is increasing with limit A letting (3(5, i) = Xj x cf(a[(5, j]) we can demand 

j<i 

supjbf : < I3[5,j]} = a[5,j] (and in (/?)+ the division to intervals is by 

the I3[5,j] not [A^, Aj+i]) and for every fi G for i < cr where Hi < X 

and club A of A"*", for stationarily many 6 G S we have {yf : i < A} C A 
and = hi'x!), when C,e G [P[S,i], P[S,i + 1]). 
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Proof. The same proof as in 1.1 for 

Minor changes for (*) 2 , (*) 3 . For clause (ii) of (*)2 note that we can hnd 
'■ 01 < A+) such that: 

(a) d^oL C 

(b) if A C a then for some A = {Ai : i < a) we have: 

Ai is increasingly continuous, Ai G and A=y^ Ai 

i<a 

(c) A^a is closed under union of < cr members. 
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§2 Case C;Forcing for successor of singular 
See [Sh 587] (xxx). 

2.1 Hypothesis. 1) A strong limit singular a = cf(A) < A, k = A+, ^* > k, 2"^ = A+. 

2) ^0 C {a : a = {tti : i < d),ai S increasingly continuous, A C oq} non¬ 

trivial (i.e. for 6 = ci{6) < A, y large enough and x G ^{x) we can find {Ni : i < 9) 
obeying a € So (with error some n see [Sh 587, xx] and such that x € JVq). 

3) <fi C {d : d = (oi : i < a), a* increasingly continuous joi] < A, A -|- 1 C ai}. 

i<(7 


2.2 Definition. (^ 0 :A) non-trivial if: 

(а) S’o is non-trivial 

(б) for X large enough and x G =^(x), we can find M = {Mi : i < a) and 
(iV* : i < a) such that 

(a) Mi -< {J^ix), S, <p and 

(/3) M obeys some a G for some finite error and 

(7) CM,+i 

(d) Nl -< (Jf’(x), G, <x) and 

(e) (N^ : a < 6i) = obeys some bi G <ib for some finite error 

(0 

iv) Si c Mi+i, 

( 0 ) cf(5*) > 211^^11, 

(t) a < Si ^ \ a G Mi+i 

(k) Nl, -< NI for i < j 

(A) M,^N^,M,eN^ 

(p) if /3 < cr is a limit ordinal, then {Ng, : i < /9)'([J Ng.) obeys some 

i</3 

d^ G Jb (needed for the ghost coordinates). 


Remark. 1) Letting N = ... and if e = ^ 6j + a then £g{N) = A 

j<i 

and N [ (io + 1) G Ni^+i so N is ^-increasingly continuous, iV [ 7 G Ni+i. Note 

\jNl=[jN^ = M,. 

i i _ 

2 ) [Variant : Si = sup((ii n Mi+i), a G Si Cl Mi+i ^ fV* [ a G Mi+i. Saharon check.] 

3) Clearly ( 6 ) ^ (a) in Definition 2.2. 

2.3 Definition. Q is [strongly] ^o-complete: as in the inaccessible case. 
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2.4 Claim. 1) Assume /S’q is non-trivial and we have (< K)-support iteration Q, 
and (non-trivial) Sq, \\-p^ “Qi is complete”. 

Then Pj is ^Q-complete (hence P^/Pfs). 

2) Q is ^Q-complete ^ Jo non-trivial. 


Proof. Just like the inaccessible (here the choice “for any regular cardinal 9 < k” 
rather than “for any cardinal 0 < n” is important). 


2.5 Definition. Q is (Jq, Ji)-complete if: 

[A) Q is strongly ^o-complete 

{B) For some x if x S ^(x) ^^ : i < a) are as in Definition 2.2, then 

{Q e Mo, and) 

(=i<) for any io < a and r € Mi^+i n Q, in the following game between 
the players COM and INC, the player INC has no winning strategy, 
we index the moves by i G [io,cr), in the ith move the player COM 
chooses Pi € Q D Mj+i such that r < pi and for j G [iQ,i),Pi is 
an upper bound of qP Then the INC player chooses Oj < 6i and 
q' = {la ■ C( < di,a > ai) such that pi < p),. and if is generic for IV* 
and /y f \ a e M^+i. 

aGSiDMi+i 

We may phrase it as one game, where INC chooses io < S and r G 
-^io + l Q- 


2.6 Claim. Assume Jq is non-trivial (see 2.1(2)). If 31" is a {w,a)-tree, w C 
r = £g{Q),\w\ < X,Q is (< K)-support iteration of Sq- complete forcing notions 
and (pt : t G SA) G TFr{Q), (J^q, : a G w U {7}),d^a C P^ dense, then there is 
{qt :t G 3") G TFr{Q) above (pt : t G 3") such that t G 3 ^ qt G ...^rk(t)- 


Proof. The point is < A, otherwise as in inaccessible case in [Sh 587]. 


2.7 Claim. Assume (^ 05 <^i) is non-trivial. 

1) If Q is (< K)-support Ihp. “Qi is {S‘q,S'i)- complete”, then P-, is {(S’q,S'i)- complete 
(Jo,<li) non-trivial. 

2) If Q is {3o, 3i)-complete, then also in . 


Proof. 1) Like in the inaccessible case ([Sh 587]) with M, (TV* : f < ct) as in Def¬ 
inition 2.2. We define the trees point: in stage i using trees 3i with set of levels 
Wi = MiC]^ and looking at all possible moves of COM, i.e. pi G M^+i HP^, so con¬ 
structing this tree of conditions in 5i stages, in stage e < 6i, has 
nodes. 


Now 
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p S P-y n My+i ^ Dom p C Mi+i but 

p S Py n My+i => Dom p C Mcr = 

i<<7 

p G n ^ Dom p C iVg^y. 

So in limit cases i < a: the existence of limit is by the clause (/i) of Definition 2.2. 

In the end we use the winning of the play and then need to find a branch in the 

tree of conditions of level a: like Case A using Sq. O 2.7 

2.8 Generalization (fy is a set of triples {a, {P : i < a),X),a = {ui : i < a) as before 

P = {Pa : a < Si) G (fg, Ps- = Oj+ij Oj C 5 q, A = (Ai : i < a) an increasing sequence 
of cardinals < A, ^ Ay = A and (M, (iV* : i < a) obeys (a, {P : i < A) is MiH p* = 
ai,N'‘ obeys P all things in 2.2 but Ay > ||Mj||, Ay > ||Afj||, [Na]^' C for 

j<i 

a < Si (so earlier Ay = 211^*11). 

2.9 Conclusion Assume 

(a) S C {S < K : cf((I) = cr} is stationary not reflecting 

(b) a= {as : S G S), as = {as,i : i <a),S = Uayi 

[variant note: A*^ = (Ay : i < a) increasing with limit A] 

(c) letting p* = K,S’o = ^o[5'] = {a : ai G k\S increasing continuous} 

<^i = {as '■ S G S} 

(or {(hi, {P’^ : i < S),X^) : S G S} appropriate for (2.8). 

We assume the pair (£ 0 ,( 01 ) is not trivial 

(d) p = p'^, K < T = cf(r) < p. 

Then for some (do, (-complete P of cardinality p 


Ihp “forcing axioms for (^Oj dy (-complete forcing notion 

of cardinality < k and < r of open dense sets” and S is still 
stationary (by preservation of (<§0, ^y(-nontrivial. 


Proof. As in the inaccessible case. 

In particular the k“'"-c.c. lemma work. 


2.10 Application : In of 2.9: 

(a) if 0 < A, C S = sup(A 5 ) for S G S, [A^j < 9, (V*z < (j)[as n supo^^i C 
as,i], h = {hs : S G S),hs '■ A ^ 9, then for some h : k ^ 9, for some club 
E of K, (V(5 G S' n E) [hs C* h] bounded set of errors where h' C* h" means 
sup(Dom h') > sup{Q;i,a G Dom h' and a ^ Dom(ft,") or 

a G Dom(ft,") & h'(a) 7 ^ h"(a)} 

(b) if we add: “hs constant”, then we can omit the assumption 
(V*i < a)(As n sup 05 ,i C as,i) 
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(c) we can weaken jAij < 0 to \As fl as^i+i\ < |a 5 ,i| 

(d) in (c) we can weaken < 9\J \As fl 05 ^i+i| < \as^i\ to hs f as^i+i belongs 
to Mi+i n for some a < Si 

(remember cf(sup as^i+i) > Af). 

2.11 Remark. 1) Compared to [Sh 186] the new point is (b). 

2) You may complain why not having the best of (a) + (b), i.e. combine their good 
points. The reason is that this is impossible by §1, §4 (c), (d) - similar situation in 
the inaccessible. 

Proof. Should be clear. Still we say something in case hs constant (b). 

Let 


Q = {{h, C) -.a =: Dom(/i) < k = A'*', 

C a closed subset oi a + l,a G C 
(VS GCnS){hs c* h)}. 


So 

Fact : {h,C) G Q, a = Dom(/i) < (3 G k,\S, 7 < 6 * => {h,C) < (/i U 7 [q , C U {/3}) S 

Q. 

In the game from 2.2, we can even prove that the player COM has a winning 
strategy: in stage i (non-trivial): if hs is constantly 7 < 0 or just hs \ {As fl 
a 5 y+i\a 5 y) is constantly 7 < 6 * then we let 


Pi=[ M the function U 7 . . , 

V LJ do Pi) 

j<l S 

C<i5i j<i 

C<s 

closure( (club of U {/3})^ 

j<i 

C<Si 


for (3 G Mi+i n K\Mi large enough such that As fl <1 k C p. 

Remark. In the example of uniformizing (see [Sh 587]) if we use this forcing, the 
density is less problematic. 

2.12 Claim. In 2.10’s conclusion we can omit the club E and demand 

iyS G S){hs C* h) provided that we add in 2.9 (recalling S C k does not reflect) is 

a set of limits and 


A = {As •. 5 G S), As <2 5 = sup(A 5 ) 


satisfies 


{*) 61 S 2 in S ^ sup(zl 5 ; n As) < (5i n ^ 2 . 
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(If (yS S S){cf{6) = 0) & y/y otp{As) = 0 this always holds. 

s 

Proof. We define Q = {h : a = Dom(/i) < k, Rang /i C Rang hs} ordered 

ses 

by C. Now we can have the parallel of the fact that: ii p : a ^ (set of colours), 
a < P < K. 

We can find {A'^ : <5 G S' fl (a + 1)) such that A'^ C As, sup(yl^\A^) < <5, 

A' = {A'g : (5 G S n (a + 1)) pairwise disjoint. 

Now choose q as follows 

Dom((7) = P 

( pU) if J < a 

hsij) if j G G Sn (/3+l)\(a+1) 

0 if otherwise. 

Why does A' exist? Prove by induction on P that any {A'^ : 5 G Sfl (a + 1)), a < /?, 
can we end extending to {A'g : 5 G S fl (/? + 1)). 

2.13 Remark. Note: concerning k inaccessible we could immitate what is here: 
having Mi+i Ng,, Mi = 

i<S i<5 

As long as we are looking for a proof no sequence of length < k are added, the 
gain is meagre (restricting the g’s by g [" a G Still if you want to make the 

uniformization and some diamond may consider. 

2.14 Comment : We can weaken further the demand, by letting COM have more 
influence. E.g. we have (in 2.2) Si = Xi = cf(Ai) = ||Mi+i||,Ili a |ai|+-complete 
filter on Xi, the choice of in the result of a game in which INC should have chose 
a set of player G Di and holds (as in the treatment of case E* here). More 
details? 

The changes are obvious, but I do not see an application at the moment. 

2.15 Claim. In 2.10(9) we get: 

(*) tf for 6 G S, As C S, jA^I < A then for some club E of k we have 
6 G E n S ^ otp{As r\ E) < a. 


Proof. Straight. 
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§3 K+-C.C. AND K+-PIC 

We intend to generalize pic of [Sh:f, Ch.VIII,§l]. The intended use is for iteration 
with each forcing > k - see use in [Sh:f]. (At present we need each Qi of cardinality 
< K. Usually fj, = K~^.) 

3.1 Definition. Assume: 

(а) /I = cf(^) > for a < ^ 

(б) as usual in [Sh 587] that is k = cf(«:) > > k, do U {a : a 

an increasing continuous sequence of members of of limit length < «:} 

and 

(c) S''^ C {i5 < /I : cf(i5) > k} stationary. 

We say Q satisfies (^, S''^, do)-pic if: for some x £ -^(x) (can be omitted, essen¬ 
tially) 

(*) if (^, 5'°, do, a;) G Nq for a G S^,N°' = {N^ : i < Sa) obeys a“ G do (with 
some error n) (so here we have ||A^|* jj < k, 6 a < k) and p“ is generic for 
iV“ and for every i, if a £ ,i < Sa then \ {i + l),p^ f (f -|- 1)) : /? G 

S''^) belongs to and we define a function g with domain S''^,g(Q;) = 

{ 9 o{a),gi{a)),go{a) = N^^n( |J N^^),gi{a) = {Ng,N^,c)i<s,,cego{a)/ =, 

f3<a 

then we can find a club C oi g and a regressive function g : C DS ^ g such 
that: 

ii a < P & g{a) = g{P) & oGC'nS' & P £ C r\ S then for some 

h,N^ = (really unique), h maps Np to N^,pf to pf and {pf : i < 
Oc h 

Jq,} U {pf ■. i < Sji} has an upper bound. 


3.2 Claim. Assume (a),(b) of 3.1 and 

(c) do is non-trivial, that is for every a large enough and x G J^(x) there is 
N = {Ni : i < 5) increasingly continuous, Ni (Jf’(x), £),x £ Ni, ||iVi|| < 
K, iV [■ (f -b 1) G Ni^i and N obeys some d £ Sq with some finite error n) 

(d) Q is an S'o-complete forcing notion not adding bounded subsets of k and Q 
satisfies (p, S''^, <^o )-pic. 

Then Q satisfies the p-c.c. (and for every x £ J^{x)jX large enough, p £ Q 
for some N as in clause (c), {Q,p,s) £ Nq and for some increasing sequence 
p = {pi '■ i < £g{N)) of members of Q,p is generic for N and p < po). 


Proof. Straight. 
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3.3 Claim. If Definition 3.1, we can allow Dom{g) to be a subset of X, {Ai : i < fj.) 

be an increasingly continuous sequence of sets, \Ai\ < C Aa+i replacing the 

definition of g by go{a) = r\Aa,gi{a) = {N^^,Nfi,c)i^s,,,cGgoic)/ = (and get 
equivalent definition). 

Remark. If Dom(g) n is not stationary, the definition says nothing. 

Proof. Straight. 

3.4 Claim. Assume clauses (a), (b) of 3.1 and (c) of 3.2. 

For (< K)-support iteration Q if we have Ihp^ “Qi is Sq- complete^, {p., 

pic” and forcing with Lim(Q) add no bounded subsets of k, then P.y and P.y/Pi 3 , for 
/3 < 7 < £g{Q) are ^Q-complete {p,S^,SQ)-pic. 

Proof. Similar to [Sh:f, Ch.VIII]. 

We prove this by induction. Let Ihp. “Qi is (^, 5'^, Jo)-pic as witnessed by Xi 
and let Xi = Min{x : Xi S ■ 

Let X = {p*, K, p, , ^ 0 , {{xi, Xi) : i < £g{Q))) and assume x is large enough 

such that X S Aifix) and let ((iV“,p“) : a S S''^) be as in Definition 3.1, iV“ = 
{Nfi : i < Sa). We define a h,C such that 

Kli C is a club of p,g is a function with domain 
5(a) = (ff^a) :£< 2 ) 
goia) = (ND n (IJ N^) 

f3<a 

gi{a) = the isomorphic type of ,pf, c)cG?ii(a) 

KI 2 C = {S < p : if a € [d,p),ho{a) C Ng^ then for some a' < 5,h{a') = 

I3<s 

h{a)}. 

Fix y such that Sy = {a € : g{a) = y and a S C} is stationary. 

Let Wa = [J Dom(p“),w* = Wa n ( 70 (a) for a € Sy (the set does not depend 

i<5o, 

on the a). For each ( G w* we define a P^-name, Sy^ as follows: 

Syx = {a€Sy: (Vi < S^){pf S GpJ}. 

Now apply Definition 3.1 in to ^((iV“[Gp^] : i < 6 a), {pfiC)[QP(] ■ a < 6a}) : a G 
Now gyx is well defined, and actually can be computed if we use Ap = U{Ng^ [Gp<] • 
a < P}. So by an assumption there is a suitable P^^-name G^ of a club of p. But 


^this includes the facts of initial segments oi a £ 



14 


SAHARON SHELAH 


as satisfies the fi-c.c. without loss of generality = C,^ so without loss of gen¬ 
erality C C Pi Now choose ai < 02 from SyOC and we choose by induction 

on e € w' = WyU {0,ig{Q)} a condition G such that: 

Si < e ^ qe^ = qe \ Si 


qe is a bound to I" £ : i < (5 qi} U \ s : i < 5a^}. 

For £ = 0 let (Jo = 0, we have nothing to do really if s is with no immediate 
predecessor in w, actually have nothing to do q^ is Ujgej : £1 < £,£2 G w'}. So let 
£ = £1 -I- 1, £1 G w' and we use Definition 3.1. □ 3,4 

3.5 Comment on 3.4 : 1 ) There is ambiguity: ^0 is as in the accessible case, but this 

part works in the other cases. In particular, in Case A,B (in [Sh 587]’s context) if 
the length of a G (^b is < A (remember k = A’*'), then we have (< A)-completeness 
implies ^o-completeness AND in 3.4 even a G ^0 ^ 5 (d) = w is O.K. 

In Case A on the Sq C if tg{a) = X,a\ G So is O.K., too. STILL can start 
with other variants of completeness which is preserved. 

3.6 Claim. If \Q\ < k,S‘o Q {a : a increasingly continuous ai G [/i'^] < «:} non¬ 
trivial possibly just for one cofinality say Hq, then Q satisfies K'^-pic. 


Proof. Trivial. We get same sequence of condition. 


3.7 Discussion : 1) What is the use of pic? 

In the forcing axioms instead “|(5| < k” we can write ”Q satisfies the «:“''-pic”. 
This strengthens the axioms. 

In [Sh:f] in some cases the length of the forcing is bounded (there W 2 ) but here 
no need (as in [Sh:f, Ch.VII,§l]). 

This section applies to all cases in [Sh 587] and its branches. 

2) Note that we can demand that the satisfies some additional requirements (in 
Definition 3.1) say P 2 ^ = Fq{N f (2i l),p“ f (2i 1)). 
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§4 Existence of non-free Whitehead (and 
Ext(G', Z) = {0}) ABELIAN GROUPS IN SUCCESSOR OF SINGULARS 

4.1 Claim. Assume 

(a) A is strong limit singular, a = cf{X) < X, k = = 2^ 

(b) S C {6 < K : cf{6) = a} is stationary 

(c) S does not reflect or at least 

(c)“ A= {As : 5 & S), otp{As) = cr, sup(A 5 ) = d, 

A is X-free, i.e. for every a* < k we can find {as : d G a* D S), as < S such 
that (^ 5 \q ;5 : (5 G S' n a*) is a sequence of pairwise disjoint sets 
{d) {Gi : i < a) is a sequence of abelian groups such that: 

d < a limit 

i<i5 

i < j ^ er ^ Gj fGi free & G^ C Gj 
(e) Go-/ [J Gi is not Whitehead 

i<G 

|G| <A 
and Go = { 0 }. 

Then 

1) There is a strongly K-free abelian group of cardinality k which is not Whitehead, 
in faet r(G) C S. 

2) There is a strongly K-free abelian group G* of cardinality k, H0M{G*,12) = {0}, 
in fact r(G) GI S (in fact the same abelian group can serve). 


Remark. We can replace “not Whitehead” by: some / S HOM((J Gi,Z) cannot 

i<G 

be extended to /' G HOM(Gcr,Z). This is used in part (2) which actually implies 
part (1). 

We first note: 

4.2 Claim. Assume 

(a) X strong limit singular, a = cf{X) < A, n = 2^ = A+ 

(b) S C {d < K : cf{d) = a and A“ divides d for simplicity} is stationary 

(c) As C d = sup(yl 5 ), otp{As) = a,As = { 05 ,c; : C < t} increasing with ( 

{d) ho : K ^ K and hi : k ^ a be such that 

(Va < n)(VC < cr)(V7 G (a,K))(3^/3 G [ 7,7 +A])(/io(/ 3) = a & ^i(/3) = C); 
(Va < K)ho{a) < a 

(e) Let X = {Xq : ( < a) increasingly continuous with limit A, Aq = 0. 
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Then we can choose {{gs, {(3^ : C < X)) 6 G S) such that 
Oi {f3( • C < ‘is strictly increasing with limit 5 

O 2 every g : k ^ k, B G g^'-K^ ^C+i Z®*” C < there are stationar- 

ily many d G S such that: 

(*) gs = g \ B 

(a) if [J Xe <^ < Xc then ft.o(/3|) = ho{Pi^) = asx,hi{P^) = hi{Pi^) = 
«<C 

C,5c(^|) =9ciPi()- 


Remark. Note that subtraction is meaningful, (=i<) is quite strong. 

Proof. By the proofs of 1.1, 1.2 (can use guessing clubs by aa.i^’s, can demand that 
^ [ci<5.C’“<5,C + ^)- 

For making the section selfcontained, we give a proof; note that this will prove 
1.2, too. Let Jif{K) = Mq,, Mq is ^-increasingly continuous, ||Ma|| = A, {Mp : 

Q;<«: 

(3 < a) G Mq+ 1 ,C Ma+i. Let A = ^Ai,Ai increasingly continuous, 

i<<7 

Ai +1 > 2^% Ao = 0, Ai > 2'^. Let Fi : ^ for i < ct (this towards (*(2 

of 1.2). For a < A+, let a = (^ Oo-y such that |aQ-y| < Xi and Oq^ S M^+i- 

i<G 

Without loss of generality 6 G S ^ 6 divisible by A“ (ordinal exponentiation). For 
(5 S S' let (/3f : i < cr) be increasingly continuous with limit 6, f3f divisible by A and 
> 0. For 5 e S let (&f : i < cr) be such that: bf C pf, \bf\ < Xi,bf is increasingly 
continuous in i and 6 = U bl (e.g. = U aps U Ai). We further demand 

i<tT jl,32<i 

/3f > A Ai C 6 ^ n A. Let (/* : a < A'*') list the two-place functions with domain 
an ordinal < A+ and range C A"*". Let H be the set of functions h, Dom(/i) G 
Rang(h) C k, so \H\ = k. Let S = U{Sii : h G iL}, with each Sh stationary and 
{Sh '. h G H) pairwise disjoint. We now hx h G iL and will choose 7 “^ = (yf : i < X) 
for 6 G Sh such that clauses +O 2 ^ ^ ^ Bh) hold, this clearly 

suffices. 

Now for 6 G Sh and i < a and g G we can choose (for £ < Ai+i) such 
that: 

(A) : £ < Ai) is a strictly increasing sequence of ordinals 

(B) Pf < < Pf+i, (can even demand Clj,e < l^t + 

(C) if (/3f,/3f+i)nF',{C|,3ro-+i),e : e < ^ j and j < i] has cardinality A then ^ ^ 
belongs to it 

{D) for every ai,Q ;2 G bj, the sequence (Min{Ag(i), /*j^(a 2 j Clg,e) ■ ^ < '^i+l}) is 
constant i.e.: either 


{a2Xig,e)i Dom(/*J 



NOT COLLAPSING CARDINAL 


17 


or /\ fa^io-2,Clg,e) = fa^io‘2,ClJ,o) 

e<Ai+i 

or /\ fa,{0‘2,Clg,e) > ^ j ■ 

e<\j 


We can add (/a^ (a 2 , C\g,e) ■ £ < K) is constant or strictly increasing (or all unde¬ 
fined). 

(E) for some j < ct, {e < A^+i : G Oa.il where 

a = supjyfg g : e < A^+i}, (remember cr ^ Ai+i are regular). 

For each function g G a we try 7 ®’*^ = ( 7 ^’® : e < A) be: if Ai < £ < Ai+i then 

Icx Jt,g,e' 

Now for some g it works. ^ 4.2 

Proof of 4-1 ■ 1) We apply 4.2 to the {As : S G S) from 4.1, and any reasonable 
ho, hi. 

Let _|_ (7 . • .y < be a free basis of fG^ for i < j < a. If i = 0,j = a 
we may omit the i,j, i.e. t,^ = Let 0 -b Kq = IG] < aX actually < A,; is 

enough, without loss of generality 0 < Ai in 4.2. Let where f{C,i) = 

Ae + 1 -b z for 6 G S,f < a,i < 9. 

£<C 

Let Ps{*) = Min{/3 : (3 G Doia{gs), gs{{3) ^ 0}, if well defined where gs is from 

4.2. 

Without loss of generality (3s{*) ^ {(^^i : C < t, z < 0} (or omit A|^,/3^_j for f too 
small). We define an abelian group G*: it is generated by {xa : a < «:} U {y^ : 7 < 
9°^'^ and 5 G S'} freely except the relations: 

(*) “ 72/7 = ) : C < T and 7 < 9^’^+^} 

■y<eO.<^ ' 

when G \= = ^{^C. 7 ^ 7'’^^5 C < t and 7 < 0'“’'’+^} where 

j<e 

ttry, G Z but ull excBpt finitely many are zero. 

There is a (unique) homomorphism of G into H induced by gsit^) = g^- As 
usual it is an embedding. Let Rang g^ = G^^^. 

For a < K let G^ be the subgroup of G* generated by {xa : a < <5} U {y^ : 7 < 
9^^"^ and S G P C] S}. It can be described like G*. 

Fact A : G* is strongly A-free. 

Proof. For a* < P* < k, we can find {as : S G S H («*,/?*]) such that (A^ya^ : S G 
S n {a*,P*)) are pairwise disjoint hence the sequence {{P^^i : i < 9,f G (Min{^ < 
a : P^Q > as}, cr)} : (5 G S fl («*,/?*]) in a sequence of pairwise disjoint sets. 

Let fs = Min{^ : q > as} < a. Now G^._|_^ is generated as an extension of 
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by : 7 < and 5 G S' fl (a*,/?*)} U {xa ■ ct G {a*,/3*] and for 

no (5 G Sn («*,/?*] do we have a G : i < and ( < Ci}}; moreover is 

freely generated (as an extension of G*..,.!). So G^._,_;^/G*._|_i is free, as also G*gj^^ 
is free we have shown Fact A. 


Fact B : G* is not Whitehead. 

Proof. We choose by induction on a < k, an abelian group and a homomor¬ 
phism he : Ha G*a = {{xp : /3 < a} U : 7 < 0, 5 G S fl a})G* increasingly 
continuous in a, with kernel Z, ho = zero and ka ■ G*a Ha not necessarily linear 
such that ha o ko, = idc*- We identify the set of members of Ha,Ga,'Z with 
subsets of A X (1 -I- a) such that Oh^ = Oz = 0. 

Usually we have no freedom or no interesting freedom. But we have for a = <5 -|- 1, 
S G S. What we demand is - see before Fact A): 

{*) letting H<^> = {x G Hs+i : h 5 +i(x) G G<'^>}, if s* = gs{xij^^^)) G Z\{0} 
{gs from 4.2(*)), then there is no homomorphism fs : G"'^^ H^^^ such 

that 

(a) fs{x/ss ) — ks^X/jS ) G Z is the same for all i G (U ^C] 

e<C 

(/?) h^+i ofg= id(3<5>. 


[Why is this possible? By non-Whiteheadness of G'^/ [J Gh] 


The rest should be clear. 


i<a 


Proof of 4-1(2). Of course, similar to that of 4.1(1) but with some changes. 

Step A : Without loss of generality there is a homomorphism g* from G* to Z 

Z<(7 

which cannot be extended to a homormopshim from G'^ to Z. 

[Why? Standard.] 


Step B : During the construction of G*, we choose G*a by induction on a < k, but 
if gsiO) from 4.2 is a member of G^ in (=i<) we replace (x^a — ) by — 


+ 9*X gsiO))- 

So if in the end / : G* ^ Z is a non-zero homomorphism, let x* G G* be such that 
/(x*) ^ 0 and |/*(x*)| is minimal under this, so without loss of generality it is 1 . 
So for some <5 


figsio)) = Iz 

?' < ^c+i - \ 

(in fact for stationarily many). 

So we get an easy contradiction. 


ZI 4.1 
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4.3 Comment : Assume 

{^Q A is strong limit singular, k = 2^ = A+ and cf(A) = a. 

Assume 

0^ G is strongly K-free not free of cardinality k. 

Then we can apply the analysis of [Sh 161] (or see [Sh 521]). So we have a K-system 
y and (a^ : ?7 G I < n(.5^)), countable sets as there. 

Let (Gi : i < k) be a filtration of G so Gi increases continuously, Gi a pure 
subgroup of G, JGil < k,G = Gi, and for each i, (3j > i){Gj/Gi non-free) ^ 

1<K 

Gi+ijGi non-free and (3j > i){Gj/Gi not Whitehead ^ Gi+i/Gi not Whitehead). 
Now 

(*)i if G is Whitehead, then Aq = {<5 < A+ : cf((5) ^ a, Gs+i/Gs not Whitehead} 
is not stationary (otherwise by Osg we are done). 

Assume further 

02 G is Whitehead. 

Together 

(*)2 without loss of generality r'(G) = {5 < A+ : Gs+i/Gs not Whitehead} C 
{5 < K : cf((5) = a}. 

Hence 

(*)3 without loss of generality <>7^ rj G ^ r]{0) G r'(G) so cf(?7(0)) = k and 
{5) gS^ analyze Gs+i/Gs 

hence ([Sh 161]) without loss of generality for some m{*) < n{y) 

(*)4 ?? G ^ = a. 

Also without loss of generality 

(*)5 for all {S) G yf the systems are isomorphic. 

This reduces us to essentially having clauses (d) -I- (e) of 4.1, more exactly from 
S[<s>] 

we can define (Gi : f < ct) as in 4.1(d) except possibly (e) i.e. the White¬ 
headness which is guaranteed by 

0^ there is no nonfree Whitehead abelian group of cardinality < k. 

Generally also repeating ([EkSh 505]) we can get that: 

Theorem (A is strong limit singular k = 2^ = A+, cf(A) = u and 0^). 

The following are equivalent: 

(a) there is a strongly K-free not free abelian group of cardinality k which is 
Whitehead 
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{b){i) there is a strongly K-free not free abelian group of cardinality n 
(ii) there is (C?* : z < ct + 1 ) increasingly continuous sequence of abelian groups 
such that i < j < cr + 1 & (z, j) (ct, cr + 1) jG’’ free,G'^+^/G"^ not 
free, \G^+^ < A and G^+^/G^ is Whitehead. 

[Why? ib) => (g) Analyze the group in (z) getting K-system for freeness (instead 
of the earlier (in 4.1) use A = {As : 6 G S) we now represent G and represent the 

them together, also with the {< (if : i < X >: 6 G S). 
Better analyze G^^^/G'^ - like [EkSh 505].] 

fg) (b) : Essentially said earlier.] 
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